
 Introduction To Semilinear Reps
of Infinite Symmetric Groups

Part 1 Definition and motivation

Lef Let G be a group k is a f.IE Eaaction
i e G Autiki Let KIG be the twisted

group ring i e it consists of elements 29g 9
GEG

with agek and the multiplication is given by

atg bths a b 9h

g acts on b

A K semilinear rep of G is a K vector space V with

a KCG module structure

In other words take at k.ve V GE V

we have g au 9919.0

Eg Trivial one Take G gp K a G field
s is a G set then KCS has a

natural KCGs module structure by diagonal action

9 a s 9919.51

Motivation i Semi linear reps arise naturally in algebraic

geometry howeverdeep I won't talk about

this since I know quite little



2 We can simplify the picture by the Galoisdescent

Take G a finite group acts faithfully on a

field k i e G Autski let F KG
there is a quasi equivalence of categories

k semilinear reps of G IS F vector spaces
M ME Galois descent

K FV V

In particular any 11 semilinear rep of G
is isomorphic to direct sum of trivial
Semilinear rep K 1 being image of F

Def ep let G be a topological gp 1 or

algebraic gp 1 V is a G set in general will

be a rep we say of U is smooth if compact

open subgp HC G such that HV U

If any VEU is smooth we say is smooth

From now on we mainly care about the category

of smooth semilinear rep of G Smp G

Drop
It admits a simple generator if and only if

G is precompact i e any open subgpof G is of finite
index For example Zp Gal LIK infinite

profinite groups Gab's gp with Krull

topology



Part 2 Some structure of Smk Gz
Let I be a countably infinite set and Gt be

the permutation group of i e the infinite
symmetric group

Rmc It's clear Gt does not contain any infinite
element in other words for any g e G there

a finite subset I CI such that 98C F
and g fixes any element in I I
This is one way to define the infinite symmetric gp
there other kind of infinite symmetric gp which

will not be discussed here

There is a choice of K we adopt the most

natural one in this section K k Xi ieZ

the infinite rational function field

First result is that Projectives are not important

in Smp 62
I Rolinsky 20271
There is no non zero projective in Sma Gz

Next we may think about the injectives

Indeed we may introduce a new topo spectrum

Def Gabriel Spectrum Let C be a Grothendieck



I 1
cat The reader can omit the meaning of it

since any fat of modules over associate ving is
a grothendieck sat Bydef a g rat is an ab

cat such that arbitrary coproduct exists and

there exists a generator and colimit is exact

Fiscase it means XE C

Y X

the GabrieSpectrum spec C of C is a topological

space with points of indecomposable injectives

The topology is given by the following

for XE C Let TX be the set of pts E
such that Homf X E 0

take base of opens to be X when

runs over all finite presentably Objects
compact

i e colim commute with HomCX

since XINEY TX Y this is well defined

Question Why it is called spectrum
Answer

Prof Take R noetherian unital commutative ring

Mod R1 then Gabriel spentrush is
homeomorphic to Spec R the prime spectrum

We care about the structure of Spe Smp Gz



I spe 1

The 11 Rovinsky 20221

Assume K is a non trivial Gz field Fix Éement

For any integer 5 0 the injective hull of objects

K of Sma Gz represent distinct pts Ps

in Specs Smk Gz Any set containing infinitely

many Ps is dense they're all the pts

Turn to fat Sma G i we have the following

fact
It's totally noetherian i e I a small generating

objects such that they're notherian namely

any ascending chain of subjects at is stationary



Part 3 RIKI RIXiliezi.GG
It's natural to ask a simple question

For each n can we construct a simple object
of dim n in Smarz GI

This question is easy to answer Since there

are only 1 dimensional simples in Sm G t

Thy K C kit ib field any smooth K smooth

semilinear rep of G can be embedded into a

direct product of topies of RSKI any KIII Semilinea

rep of G of finite length is isomorphil to a direct

sum of copies of kitt

Next we may want to consider some G subfield
K of RSK

For each n can we construct a simple object
of dim n in Sm K GI



Galois Case

K RIX where H is a finite
Autgerski AutlkixilklEPGLCZ.tl

K LH where kez L is transcendental10Th
and it is a finite subgp of Antell

key method make use of linear reps of H over k

For each ivr linear rep P let Up Hompey CP keti

then Up E SMK GI

Moreover Vp is irreducible and dimkUp dimpp
simple

In case 1 we know all the finite subgps of PGL12 k

they're 2182 Dr Ay 54 As
cyclic dihedral

2 r2 since any irr of ab gp is 1 dim

we get 2 dim

Dr simple reps are 2 dim and 2 dim

Ag 2rv reps are of dim 1 1 1 3



54 54A4 2 so no new results than A4

As dim 1 313 4,5

Indeed we can produce two 3 dim dual to each
other

1 4 din self dual
1 5 dim self dual

However it's too limited in this case

Only at most dim 5

Let's look at Case2

FMLetkEKcketl.Kalgcbsed.Gz field
then v deg k K 3

we can give an explicity characterization
17 if tr deg kit k 1 either RIX FkCX k

sit K KIRK RIY yet K

or RCXI f Rex R

sit K ReFff ix yet K2

27 if tr deg kik 1k 2 there RIXIERIXI

ks.t.KRIRYE.EE 1x.y.z pairwisedifferent int

3 if v deg kN k 3 then there Rix fkiX k

sit K K t.y.z.cn pairwise
different in



Our aim is to find K CK KIK Galois
Gz

see whether there higher dim example
in Sme Gal

Thm Qin
1 Autozek k

AutG cka I 2 22

2 Autozckl is trivial

3 AutGackt is trivial

So all the naive ways of constructing them

fail we must consider new method

For example either we can consider non Galois

case or we may try change the group even


